In this article we solve a class of two parameter polynomial-quintic equation. The solution follows if we consider the Jacobian elliptic function sn and relate it with the coefficients of the equation. The solution is the elliptic singular modulus k.
Introduction and Definitions
We will solve the following quintic equation 
Using the theory of Jacobian elliptic functions sn, cn, dn and their addition property we construct the solution.
Our method is similar to that of solving equations using the trigonometric functions cos and sin. For example, for the trisection of an angle θ holds the following formula cos(3θ) = −3 cos(θ) + 4 cos
which rise from the addition formulas for the cos(x + y) and sin(x + y).
In Jacobian elliptic function theory we have the addition formulas
where k is the singular modulus. This defined as
and is solution of the equation
Note that if r is positive rational then k r is algebraic number. Also
where
where 2 F 1 [a, b; c; z] is the Gauss hypergeometric function.
Theorems
We set dn(u) = x, cn(u) = α, sn(u) = β, then hold (see [2] ) α 2 + β 2 = 1 and
From the addition identities we have
and
Setting h = sn(3u) we lead to equation (1) . Hence the next theorem is valid:
If h = sn(3u) and x = dn(u) are parameters related with the coefficients of
then a root of (eq) is Y = k = k r . Hence (eq) is equivalent to
The a, b, c, d, e are that of relations (2),(3),(4).
Remark.
It holds from (10) that equation (24) is equivalent to
where F is the incomplete elliptic integral of the first kind.
Proposition 1.
The value of dn
where L is known algebraic function.
Proof.
Note. The value of L is quite complicated in radicals but one can found it always. The fact that dn(
2 ) is L(k) increases the complexity of the problem, but always keeping it solvable, since is function of the singular modulus. In general for all positive real r we have
r is rational then we can find always k r .
Proposition 3.
Let λ = dn(u) dn(3u) is known. In the case which k r is also known, then we can find dn(u). Proof. Set x = λdn(3u) in (21) then one can see (for example with Mathematica program) that the reduced equation is solvable in radicals with respect to dn(3u) and holds dn(3u) = Φ(λ, k r ), where Φ known. Hence we find dn(3u) and also dn(u) = x. The values of a and b are also follow from (17).
Proposition 4.
If we know dn(u) and dn(3u), then we can find k in radicals.
Proof.
Observe that knowing dn(3u) and dn(u), equation (24) is again solvable with respect to k.
Proposition 5.
If we know dn(u) and dn(4u), then we can find k in radicals.
Examples.
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Theorem 1.
The equation
have solution with respect to X X = dn
Example. 
